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A total of 31 research art icles and one monograph were publ ishud under this
grant. These can be grouped in the following categories: nonlinear rojr ai ino
(9 art ic les),  stochastic prograir~uing (9 articles), optimal control ( 2  a r t i c l as )
and supporting areas of convex ~ina lysis (5 art ic les and monograph). ~ost of thes~
have already been described in the yearly Interim Scienti f ic ~ej o r ~s , so t~ avo id
unnecessary duplicatio n this report will be in the nature oF a su~; : r r~ .

Nonlinear Programrnj~g [2], [9], [10], [11], [12], [H], [25], [2~ J , [3h] . r~
1968, Flestenes and Powell independently suggested comput ational appr c~ch to non-
linear programming with equalit y constraints in which the ordinary Leg ran~~~n
function was augmented by quadratic penalty —l ike terms. Augmented La~rerqi ans wa rn
generalized to inequality -constrained problem s in [2], [9], and theory of nn~ they
allow saddlepoint characterizations of optimality even in nonconvex r. cograir ~Hn~
was presented in [11], and [19]. These papers also explored a new class of algo rith ;~s
containing the one of Hestenes and Powell as well as the usual quadr atic exter ior
penalty methods as spec ial cases.  These algorithms , cal led mult ipl iers ae~ hods ’ ,
were explored further in [10], [12], [25] and [30]. They convert a constr ained
problem into a sequence of unconstrained problems , but without the drawbacks of
numerical instability that are associated with c lassical  penalty a~pro ,ache s . They
are now regarded among the best methods for nonl inear proyrarn ming and are the focus
of much research by many people.

Paper [26] is an exposition of Lagrange mu l tiplier theory desic red to ;o~ular~zeaugmented Lagrangians and stimulate further work on sadd lepoint characteri :~ ti c rs
of optiniality .

Stochastic Programming [14], [15], [17], [18], [20] , [21] , [24] , [27], [2 9].
Most of this work was done jointly wi th R. J. B. Wets , for~:er1y of Sce ing sc ien t i f i c
Research Laboratories and now at the University of Kentuc ky . T~e objc-ct~ .’a ~,as
to develop (for the first time) a genera l theory of Lag~a~.qe mult ipl iers a r ’ ~ necessary
and suff icient optimality conditions for optimization problei:: . ‘ nvulving an a~ ter-
nating sequence of decisions and observations of random ari~bles~~u dg ing from
experience in other areas , such a theory should hr cruci~’l to p~-oyreos in ccr:t~nta-tion , and the convex case ought to play a central role. The first vers ioi cf tho
theory used “measures ” as Lagrange multip liers . This was e ’ p :u red in [ 14 3 , [12] ,
[20], [29]. The case of two—stage convex problems , which h0s many e r r l i cat io ns
of interest and covers most of the models previousl y studied in the literatu re, such
as stochastic linear programming, was then subj ected to a concentr ated attack in
[15], [17], [21], [24]. It was found that the “sin gular multi pliers ’ present in
general formulations of the theory could be avoided by a natural and appeal ing
assumption of “ relati ve ly complete recourse ” . Th is idea was extend od to N-sta ge
problems with ab.;tract constraints in [27]. It wi l l  be studied in the context of
more spec i-l ized models in the future .

Optimal Control [i], [5], [6], [7], [16], [223, [23], [31]. Further progr ess
on thfl~h~~i’y of~~J~l i t y  in control problems wi th convex costs and constraints was
made in [4] (partly s, rrmarized in [7]) and [31]. This includes the 2irst cc~: la te
description of necessary and sufficient conditions for optin iality in such r’roble~~when state const’aints may be active. The results were extended in [23 nn2 [22]
to “infinite horizon ” problems of a sort common in econo ni c models ard COH: n

u engineering applications. Very powerful existence theoreh s for a Lro~td class of
contro l problems were formulated and proved in [5] and [16]. A “sm~i’rcup ” ver s ion
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of these results on dualit y and existence was investigated in [23].

Convex Ana]ysis and Integral Functionals [1], [3], [8], [13], [23], [32].
Optimal control problems and stochast ic programming problems involve costs and
constraints expressed by integrating over time or taking expectations wi th respect
to probability measures. Their analysis therefore depends heavily on propert ies
of “integral functionals ” defined on various function spaces , especially kinds of
continui ty and compactness , which in turn entail convexity , duali ty and extensions
of the theory of measurability (to ensure that functionals are mathematically
well- defined , minima a t t a i n e d , etc .), Some of the needed properties were developed
in [1] and [3]. More recently, a long and comprehensive article [32] was put
together on this subject, with many new results in a framework highly adaptible to
applications to div erse problems of optimization. It will be used heav ily in future
work .

Paper [8] treats a class of dynamic programming prob le~s connected m ite
economic models of production . A growth property useful in the study of Ha~i ltc nian
dynamical systems (which occur in the convex control theory referred to aho ve)
is described in [28].

The monograph [13] presents the general theory of duality and generalized
Lagran ge multipliers in optimization problems of convex typ2. It su~plen~ants the
wri ter ’s earlier book Convex J\nalysis by covering the infinite-d im ensio nal case
and placing more emphasis on saddlepoint optima lity .
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